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Whispering Gallery Modes in a Dielectric Resonator:
Characterization at Millimeter Wavelength

Giuseppe Annino, Mario Cassettari, Iginio Longo, and Massimo Martinelli

Abstract—Applications of whispering-gallery-mode (WGM) di-
electric resonators in the millimeter and submillimeter frequency
range are discussed. A summary of the main peculiarities of these
resonators is given, and a method to obtain approximate analyti-
cal expressions of electromagnetic field components is developed.
Problems connected with the excitation by far infrared (FIR)
laser radiation are examined. The analysis of electromagnetic
propagation in different structures drives the best choice for
the transmission line (metallic and dielectric waveguides), and
the same theoretical analysis allows to face the basic problem of
optimizing the matching between transmission-line and WG res-
onators; the role in this application of dielectric waveguides with
variable diameter is discussed. All of the predictions are obtained
in a unified theoretical picture. The experimental characterization
of a WG resonator at 240 GHz involved the measurement of the
effectiveness of the coupling between the transmission line and the
resonator, the determination of the merit factor and free spectral
range for the different resonance families in different resonators.
Accurate measurements were carried out to acquire knowledge of
the field distribution in both axial and radial directions; to this
purpose, dielectric antennas with high directivity were used to
sense the field intensities for different resonance modes. The good
agreement between the experimental results and the theoretical
predictions is carefully discussed.

Index Terms—Dielectric resonators, far infrared (FIR) radia-
tion, whispering gallery modes.

I. INTRODUCTION

T HE SEARCH for an efficient and handy resonator in
the millimeter and submillimeter wavelength range is

acquiring more and more importance as far as the number of its
applications is growing. The need for integrated components or
supercomponents in this spectral range for applications in the
field of communications gives impulsion to this search [1]–[5];
spectroscopy and other research applications from millimeter
up to optical wavelengths, however, are not a negligible part of
this effort [6]–[11]. Main devices exploiting resonators include
power combiners, frequency multiplexers and demultiplexers,
filters, and cavity-tuned oscillators. In many cases, the use of
resonators with high merit factor guarantees the building up
of radiation sources with spectral noise characteristics that are
appealing for spectroscopy and metrology applications.

The use ofquasi-opticalpropagation techniques becomes
mandatory when frequency increases and the use of standard
TE or TM metallic cavities shows some drawbacks. On the
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other hand, Fabry–Perot resonators, when efficiently coupled
at wavelengths of about 1 mm, show low-factors [12]. Com-
mercial dielectric resonators operating in TE and TM modes
are useful for lower frequencies, but become exceedingly small
and their -factors are strongly reduced when the wavelengths
approach the far infrared (FIR) range [13]. On the contrary,
dielectric resonators operating in hybrid modes known as
whispering gallery modes (WGM’s), investigated originally
by Vedrenne and Arnaud [14], avoid many of the above
constraints and can be usefully employed in the submillimeter
range also [15]. The most important characteristics of these
resonators for applications are the not necessarily very small
size and the high achieved depending on the material
used. Another interesting feature of these resonators is the
availability of a multiplicity of resonances (not harmoni-
cally related), observable in an ultrawideband range from the
microwave to the visible radiation. Moreover, theirfinesse
in this spectral range is still remarkably high. A research
field in which the availability of resonators with suitable
characteristics is a crucial point is the electron paramagnetic
resonance (EPR) spectroscopy performed at high magnetic
field 10 T) [16]. In this application, the radiation produced
by the source is transmitted to a resonator containing the
sample embedded in an intense magnetic field. The radiation
after the interaction with the sample inserted in the resonator
carries the information about the absorption of energy at
magnetic resonance and can be used to characterize the sample
spectrally. This information is recovered by a detector and then
processed. The resonance condition is obtained when the value
of magnetic field fulfils the condition

(1)

where is the angular frequency of the source andis the
magnetogyric constant that is connected with magnetic charac-
teristics of the system studied; typical values are
MHz/Gauss. With the intensities of magnetic field used for
this new spectroscopy 10 T), the radiation frequency grows
up to the submillimeter range.

The radiation source could be either a solid-state source
(Gunn or IMPATT) or a molecular FIR laser. The first one is a
handy apparatus that has capabilities for electronic frequency
tuning but limited working frequency ranges and very low
emitted power at increasing frequencies; on the contrary,
FIR lasers are demanding apparatus that have very poor
instantaneous frequency tunability. However, FIR lasers have
a practically unlimited emission spectral range (up to some
terahertz) in many bands selected according to the molecular
system and, in general, the emitted power increases with
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increasing frequency. Finally, a careful setup of the laser
guarantees very good spectral characteristics of the emitted
radiation [17]. The experiments here described were performed
with an FIR laser operating at about 240 GHz.

The resonator is an essential component in order to increase
the density of electromagnetic energy at the sample and
to enhance the measurement sensitivity [18]. The different
characteristics of disc-shaped dielectric resonators working
with WGM’s seem appealing for high-field EPR applications.
Two main problems involve the transmission of radiation field
to the resonator:

1) the synchronization of the resonance frequency of the
WGM resonator with the frequency of radiation feeding
the resonator itself;

2) the optimization of energy transfer from the source to
the resonator.

The first problem arises from the scarce tunability of FIR
laser sources; also in the case of molecular lines shifted by
electric fields, the tuning range is not greater than a few tens of
MHz [17]. A possibility is to change the resonance frequency
of the resonator.

The second aspect concerns the efficient transmission of
radiation from the source to the resonator containing the
sample—since the magnetic field is generated by a large
superconducting magnet, the radiation has to be transmitted on
a few meters. A satisfactory solution for this purpose is given
by the use of oversized conducting waveguides that guarantee
very low attenuation [19]. When the radiation reaches the
resonator, particular care has to be taken in the coupling with
the resonator in order to optimize the transfer of power to the
resonator itself without affecting its merit factor and to enable
the control of the excitation of the different resonance modes.
The plan of this paper is the following. In Section II we give a
summary of the main peculiarities of WGM’s in dielectric disc
resonators, developing a method to give approximate analytical
expressions of e.m. field components. In Section III we discuss
the methods for transferring the electromagnetic energy in the
millimetric and submillimetric range to the WGM resonators
and for tuning the resonators across the resonance. In Section
IV we describe the experimental apparatus; in Section V we
show the experimental characterization of different resonance
modes, making the comparison with theoretical predictions.

II. WHISPERING GALLERY MODES IN A

PLANAR CIRCULAR DIELECTRIC RESONATOR

In an infinite circular cylindrical dielectric structure with
constants plunged in a medium with constants
the elementary solution of the wave equation for the lon-
gitudinal components of fields has, in terms of cylindrical
coordinates, the general expression [20]

(2)

In (2), that holds true in all the space inside and outside the
cylinder; the are the solutions of the Bessel equation.
Inside the cylinder such solutions are the first kind Bessel
functions with argument where is defined by

being the axial propagation

constant. Outside the cylinder, the solutions are the Hankel
functions with argument where is defined by

All of the other components of fields
can be obtained by the longitudinal components [21]. The
coefficients giving the amplitude of different field components
and related values are unknown quantities connected by
the boundary conditions at the surface of the cylinder. These
quantities are obtained by solving the characteristic equation,
which is for nonmagnetic materials [20]

(3)

where and are the arguments of Bessel
and Hankel functions, respectively, being the radius of
the cylinder. Equation (3) is a transcendental equation giv-
ing the eigenvalues for . The eigenfunctions associated to
these eigenvalues are the modes of the electromagnetic waves
propagating in the considered structure (natural modes) [21].

When the cylinder is used as a waveguide, the analysis of
undamped modes corresponding to a real axial propagation
constant is particularly interesting. In this case the boundary
conditions at cylinder surface imply the condition

(4)

provided that [22]. It must be pointed out [23] that the
solution of the Bessel equation in that part of space inside the
cylinder is oscillating for and monotonically decreasing
for ; the surface

(5)

is defined modal caustic. The radiation in the cylinder actually
propagates confined between the caustic and the rim. Particular
solutions of (3) correspond to the WGM’s for which the
caustic is very close to the surface of the cylinder; such modes
propagate spirally near the boundary of the cylinder [24].

A resonator oscillating with the modes solution of (3) is
obtained by reducing the infinite cylinder to a cross section
with finite length. This length must be relatively small in
order to separate the different resonance modes [15]. The
propagation constant becomes complex and for reduced
axial dimension of the resonator the condition
can be assumed. The behavior of the electromagnetic waves
in this case is meaningfully obtained by an expansion of
the modes of the cylinder in plane waves. From the relation

it can be introduced the angle
fulfilling the conditions

(6)

where

(7)
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It can be useful to introduce the integral representation of
Bessel functions [21]

(8)

which is effective also for complex argument [20]; the inser-
tion of expressions (6) in (8) gives, by taking into account the
definitions (7)

(9)

The exponential term containing the complex angles can be
separated in terms related to the propagation and in terms
related to the damping

(10)

where . Equations (9) and (10) show that
the considered mode can be expressed as an expansion in
inhomogeneous plane waves that propagate in a direction
forming an angle with the axis of the cylinder, having
the propagation constant and damped along
the perpendicular direction corresponding to the anglewith
a propagation constant .

Since the attention is concentrated upon the weakly damped
modes for which and , the expres-
sions (7) can be rewritten as

Consequently, and . This
implies that the mode is a superposition of plane waves with
wavenumber that propagate in a direction forming an angle

with the axis of the cylinder. The hypothesis
now implies

where

(11)

Consequently, ; the damped mode, according
to this model, corresponds to the radiation propagating with
angles for which energy is irradiated outside the cylinder.

When , the angle assumes the value ;
the propagation then occurs in a plane perpendicular to the
axis of the cylinder. The damping will be negligible only for
that radiation having an angle of incidence at the surface of the
cylinder larger than the angle . This occurs, for instance,
in the case of WGM’s that are confined near the rim of the
cylinder.

In order to describe the propagation of WGM’s in the cylin-
der, it is useful to exploit the geometric optics representation.

Fig. 1. Cross section of the dielectric cylinder with the optical ray repre-
senting the radiation propagating tangentially to the caustic.

Fig. 2. Schematic representation of propagation inside a finite cylinder.

Within this representation the propagation occurs tangentially
to the caustic (Fig. 1). The angle of incidence in terms of
the modal caustic definition is written

(12)

Equation (12) shows that when the modal indexincreases
(and the ray of caustic increases, too) the condition
is well fulfilled and the losses for the WGM’s decrease [23].

When the cylinder has a finite axial dimension, the require-
ment of weak losses for the considered mode implies the
condition of total reflection also on the bases of the cylinder.
Fig. 2 shows schematically the propagation inside the finite
cylinder to be used as resonator. Total reflection occurs when

and the condition for the axial propagation
becomes, under the weak loss limit

When a planar WG resonator has to be used it is particularly
important to study the distribution of e.m. fields in WGM’s
with axial propagation constant [14]. In presence
of small losses also , then . The expression of
different components of fields can be obtained starting from
(3).

Under the hypothesis the quantity
then the term on the right in

(3) vanishes as . One of the following conditions must
consequently hold true:

(13a)

(13b)

provided that common roots do not exist.



2028 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 45, NO. 11, NOVEMBER 1997

Like the procedure used for evaluation of natural modes
in the dielectric cylinder [21], it is useful to introduce the
parameter defined by

(14)

where the quantities are, for each mode, the coefficients
of the expansion in terms of Bessel functions giving the
longitudinal components of the electric and magnetic fields,
respectively. The index is an integer number that accounts
for the different solutions of (3) for a fixed value. The
parameter can be expressed in terms of roots of the
characteristic equation by using the boundary conditions [21]

(15)

where the indexes in the different quantities were omitted
for the sake of simplicity. By introducing the condition (13a)
in the expression (15), it is possible to argue that as

for each . The expressions for the different components
of fields for the WGM’s are then calculated from the general
equations of fields in a cylinder [20]. For the fields are

(16)

where it was used the approximation , valid
for WGM’s, in the limit . The same procedure gives
analogous expressions for the components of the fields for

. In all of the expressions (16), the factor is
omitted. The mode considered is a TE mode that, in general,
is named WGE mode.

If, on the contrary, the condition (13b) is introduced in (15),
some algebraic manipulations give in the limit

that is, has a finite value; by considering (14), since
has a finite value, as for each . Following the
same procedure as previously, it is possible also in this case

to write the components of fields. For

(17)

For the fields show the same dominant components. Also
in (17), the factor is omitted. The mode in this case
is a TM and is named WGH mode.

The modes represented in (16) and (17) are the solutions of
the wave equations corresponding to weak axial propagation
that give an approximate picture of e.m. fields in a plane with

constant in disc-shaped dielectric resonators. Such results
can be compared to the shape of fields obtained for this type of
resonator with a numeric solution of Maxwell equations [15].

By summarizing, the WGE or WGH resonance modes in
a planar dielectric structure are characterized by the modal
indexes . The index indicates the number of complete
periods of wave during a whole turn around the resonator;

coincides with the order of the Bessel function defining
the longitudinal field. An unambiguous definition for is
the number of nodes of the energy flux encountered along
the radius. The index is connected to the behavior of
fields in the axial direction; the approximations introduced
in calculating the WGE and WGH modes do not allow an
exact determination of this index that is related to the number
of nodes of the energy flux along the axis of the resonator.
A reasonable evaluation can be obtained by supposing that
axial propagation is like that in a dielectric plane plate; in this
case, the fundamental solutions are oscillating with defined
parity inside the plate ( and and decreasing
exponentially outside the plate [21].

III. COUPLING OF THE RADIATION

TO WG DIELECTRIC RESONATORS

It can be demonstrated that the matching between modes
of two different systems in which electromagnetic waves
are propagating (in this case the waveguide and the WG
resonator) is maximum when the propagation constants of the
two modes coincide; that is, when the phase velocity of the
electromagnetic waves is the same [25]. The WGM’s with
azimuthal index in a planar circular dielectric resonator with
radius , within the limit of negligible axial propagation, have
the phase of fields characterized by the factor (16),
(17); the angular phase velocity associated is

Within the approximation that the wave circulates only very
close to the rim of the planar resonator, which is well fulfilled
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particularly when the considered modes have , the
constant phase planes travel with a tangential velocity

(18)

where the approximation , valid for WG modes, was
assumed for the caustic (5); hereis the light velocity in
the vacuum and is the relative dielectric permittivity of
the resonator. Equation (18) says that the phase velocity for
WGM’s in the resonator made of a given material has the
same value as for a plane wave freely propagating in this
material. Dielectric cylindrical waveguides will be considered
for transmission since they do not bind completely the ra-
diation. An electromagnetic wave represented by the general
expression (2) and propagating in a dielectric cylinder with
radius has the phase velocity along the axis of the guide
given by It must be pointed out that the wave is
present in general in the whole space inside and outside the
cylinder; for undamped modes,becomes real and fulfills the
condition (4). The phase velocity must then fulfill the condition

.
The limit conditions and in (4) correspond

to the far from cutoffandcutoff conditions, respectively [21].
Restricting the discussion of Section II to the case of a real
angle of propagation, it gets out that the angle when

; in this limit, the plane waves propagate parallel
to the axis of cylindrical structure and the whole energy
is confined inside the guide. When , starting from

and ; the
angle of propagation tends to the limit angle.

The extent of the evanescent fı̀eld and its energy outside the
guide increases when , the angle of incidence of the plane
waves at the surface of the cylinder, decreases toward.
The refracted wave appears when in this condition

becomes a complex quantity and the mode is damped due to
the wave irradiated outside the cylinder. For the fundamental
mode HE the two limit conditions are fulfilled when
and , respectively. When is changed, the theorem of
implicit functions, applied to (3), guarantees the continuous
variation of between the limit values corresponding to
the far from cutoff and cutoff conditions. The change of
implies then the continuous variation of the phase velocity
of the propagating wave between the value characteristic of
the medium with which the waveguide is formed and the
one of the medium surrounding the guide. It will be always
possible to obtain in the range between thefar from cutoff
and thecutoff conditions a phase velocity like that of (18),
provided that the permittivity of the dielectric guide is larger
than that of the resonator. Fig. 3 shows the trend of the phase
velocity for the mode HE as a function of for different
values of the relative permittivity of the material forming
the guide, obtained by solving numerically (3). It is then
always possible to obtain a good matching between a dielectric
waveguide and a dielectric WGM resonator either by a proper
choice of the waveguide diameter or by using a cone-shaped
waveguide coupler properly positioned near the resonator. The
coupling will be obtained overlaying the evanescent field of
the resonator with the evanescent field outside the cylindrical

Fig. 3. Phase velocity of the HE11 mode as a function of the radius of
the dielectric waveguide for different values of the relative permittivity"1:

Curve A: "1 = 2:1345; curve B: "1 = 3:81; curve C: "1 = 10:5: The
straight dotted line, traced for reference, indicates the phase velocity in a
polyethylene resonator.

waveguide. When a tapered waveguide is used, the matching
is obtained by moving the resonator along the direction of the
axis of the tapered waveguide up to the position where the
respective phase velocities coincide.

The requirement of an effective coupling implies, on the
other hand, that a remarkable field intensity is present in the
zone of interaction between the two devices [25]. The excess of
losses due to the irradiation must be so avoided by making the
variation of the radius of the coupler to occur over distances
much greater than the wavelength. Furthermore, the choice of
dielectric properties of materials must imply that the condition
of identity of phase velocities is fulfilled where the diameter
of the tapered guide approaches the value of the wavelength in
the medium; in this point, the evanescent field intensity around
the guide reaches approximately its maximum value.

IV. THE APPARATUS AND EXPERIMENTAL METHODS

The radiation source used during experiments was an FIR
laser (Edinburgh Instruments model 295) pumped by a CO
laser (Edinburgh Instruments model PL5); the active medium
was methyl iodide CHI, giving a line at 239.1 GHz. The
power obtained from the source at this frequency was about
0.6 mW. The emission of the FIR laser took place through
a window with 13-mm diameter; the transmission of the
power was assured with very small losses [19] by a brass
cylindrical waveguide with the same diameter as the window.
The metallic waveguide was terminated by a tapered fused
quartz waveguide, allowing the coupling with the dielectric
disc resonator, as discussed in the previous section. The
resonators used for measurements were 0.8-mm-thick discs of
30-mm diameter, made out with high-density polyethylene.
This choice was suggested both by the values of the per-
mittivity of the polyethylene and by its extreme ease in the
mechanical processing. The position of the resonator was kept
fixed near the point of the tapered guide having a diameter
of about 0.6 mm; in this configuration the coupling was
satisfactory. This is consistent with theoretical predictions
of Fig. 3 where the dotted straight line, representing the
phase velocity in the polyethylene resonator, crosses the curve
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(a)

(b)

Fig. 4. Schemes for coupling radiation to the resonator. (a) Tapered dielectric
transition. (b) Reaction scheme with constant radius coupling. The pickup
antenna is also indicated.

calculated for the fused quartz, just near the value of the radius
mm.

In order to determine experimentally the spatial distribution
of fields for the different WGM’s and compare it with the
approximate predictions of (16) and (17), one needs a probe
working like an antenna with a proper directivity. If a dielectric
rod with finite length is used as an antenna, its emission
characteristics can be obtained by a procedure based on the
Huygens principle and on optical geometry [26]. This analysis
suggests that the best directivity is obtained with a tapered
shape; in particular for the fundamental mode HE, this
occurs when the diameter of the guide tends to zero and the
propagation reaches the cutoff condition. The antenna used
in measurements was a tapered rod made with fused quartz
equipped with a very sharp tip; a better spatial resolution is
obtained when the permittivity of the antenna is much larger
than that of the resonator since in this case the matching of
the phase velocities between the two devices, useful for the
coupling of radiation, occurs only just near the tip (Fig. 3). The
radiation drawn by the antenna was transmitted by a properly
shaped metal waveguide to a Golay detector. A laser beam
chopper working at 17 Hz was introduced, allowing the signal
phase sensitive detection.

It must be pointed out that the polarization of the wave
transmitted by the waveguide to the resonator is very important
in order to excite selectively each requested mode. The part
of the transmission line made with the metallic waveguide
propagates with lowest attenuation the mode TEthat does
not show a linear polarization [19]; a wire polarizer was placed
at the end of the metallic waveguide where a tapered dielectric
rod is inserted [Fig. 4(a)]. A beam polarization better than 90%
and negligible attenuation were obtained.

The tuning of the resonance frequency of the resonator
was obtained efficiently by using a conducting circular plate
placed parallel to the disc at a variable distance. Numerical

calculations [15] predicted this tuning effect and demonstrated
that the structure of fields is not modified significantly. This
effect can be described by a phenomenological equation by
taking into account the exponential decay of the evanescent
field near the surface of interest. The variation of the
resonance frequency when the plane of the conductor is moved
of a quantity toward the resonator is given by

(19a)

where the constant terms and account for the different
effects produced by the conductor for different resonance
modes. Since the quantity experimentally determined is the
relative displacement , (23a) can be usefully rewritten as

(19b)

The shape and size of the tuning plate must be optimized
according to the mode to be studied; in general, it will have
a ring shape with size consistent with the predicted spatial
mode distribution. Experiments were carried out tuning the
resonances with a brass ring with external diameter of 30
mm and internal diameter of 27.5 mm. A micrometer screw
with resolution of 10 mm acted on the tuner at different
distances along the axis of the resonator. The same type of
micrometer screw was used to drive the dielectric antenna
across the resonator surface to study the different parameters
of interest.

Main experimental procedures included:

1) analysis of the coupling procedure, measurement of the
effectiveness of the coupling;

2) methods for determining merit factor of different
resonances and the free spectral range;

3) spatial distribution of field intensities in the resonator
for the different resonances and determination of the
different modal indexes for each resonance.

For point 1), a better control of the different parameters
of the coupling method was obtained by measuring simul-
taneously the reaction and transmission signals [Fig. 4(b)].
After the determination of the best value for the diameter
of excitation guide according to the procedure discussed in
the previous section, the coupling condition was controlled
by changing the distance between the excitation guide and
the resonator. The simultaneous observation of the reaction
and transmission signals allowed the evaluation of spurious
effects in the transmission line induced by the interaction line-
resonator. The reaction signal was measured by coupling the
end of the waveguide to a detector. For the transmission signal,
a tapered dielectric antenna drew the wave at the surface of
resonator in a fixed position selected for each resonance; the
wave was then coupled to a second detector.

Point 2) implies the determination of the quality of the
structure used as a resonator and the distribution of different
resonance families. A proper choice of size and quality of the
shape of the resonator in fact makes the-factor depending
mainly on the intrinsic losses of the material and determines
the free spectral range between each couple of resonances.
During these measurements the coupling structure was kept
in fixed condition and the wave was drawn by the dielectric



ANNINO et al.: WHISPERING GALLERY MODES IN DIELECTRIC RESONATOR 2031

antenna placed at the surface of the resonator where the
observed signal was maximum. The shape of the resonance
and the separation among the different observed resonances,
in terms of the displacement , was obtained by moving
monotonically the conducting ring near one of the plane
surfaces of the resonator. The related values in terms of
frequency were calculated by means of a calibration obtained
from the value calculated for the free spectral range.

In what concerns point 3), these measurements allow to
verify the effectiveness of the approximate expressions (16)
and (17) of the fields. Here the coupling circuit is kept in
fixed condition corresponding to the best matching; the tuning
ring is also, for each complete series of measurements, in a
fixed position at the maximum of the resonance. The dielectric
antenna connected to a detector is moved by a micrometer
drive along the different directions of interest. The movement
along the radius of the disc allows to determine the modal
index ; the study of field intensity along the axis of the disc
gives in turn the modal index.

V. RESULTS AND DISCUSSION

A general picture of the mode distribution of the dielectric
disc used as a WGM resonator is given in Fig. 5. In this case,
the polarizer is eliminated from the transmission line in order
to have elliptical polarization that enables the excitation of all
modes. In addition, the position of the antenna along the
radius and the distanceof the tuning metallic ring from the
plane surface of the disc are simultaneously varied. It turns
out a three-dimensional graph showing in one dimension the
variation of the wave intensity in the space domain and in
the other dimension the variation of the wave intensity in the
tuning domain. The distribution of modes in the resonator also
remains the same as that shown in Fig. 5 when the dimension
of the excitation guide or its position with respect to the
rim of the resonator are changed in the coupling scheme;
consequently, it is argued that the spectrum represented in
Fig. 5 is just the spectrum of the resonator in the presence of
the tuning device. The analysis of different modes by means
of polarized radiation gave more detailed results, allowing, for
instance, to find out that the resonance labeled 1 in Fig. 5 is
given by the overlap of two nearly degenerate modes, the one
WGE (mode 1a) and the other WGH (mode 1b).

The measure of the effectiveness of the coupling between
guide and resonator was obtained by changing monotonically
the distance between the excitation guide and the resonator
as well the position of the tuning device with respect to the res-
onator surface. Fig. 6(a) shows the contour plot representation
of the transmission signal in the case of mode 1a. The shift of
the maximum of the resonance in the tuning domain is evident
when is changed; this effect is due to the variation of the
resonance frequency of the resonator caused by the presence of
the dielectric waveguide. The simultaneous observation of the
reaction signal gives exactly the same results, even if with an
inverse trend. It must be noticed that the reaction signal in the
best matching condition vanishes, indicating that the condition
of the critical coupling is reached. Fig. 6(b) shows the contour
plot of the transmission signal for mode 1b. Here the resonance
frequency is subjected to a shift having the same sign as in

Fig. 5. Overall representation of resonant modes observed with unpolarized
radiation in the dielectric resonator;z represents the distance of the tuning
ring from the resonator plane surface and� the position along the resonator
radius;� = 0 indicates the rim of the resonator.

the previous one; in Fig. 6(a) and (b) the trend seems opposite,
but this occurs since the tuning effect of the conductor ring
(19a) has opposite value for the WGE and WGH modes [15].

The measurement of merit factor and of free spectral
range for the different mode families were obtained by ex-
ploiting (19b). By assuming and constant for modes
with consecutive values of the fit of the position
of at least three modes of resonance using (19b) gives the
calibration of the tuning effect in terms of the displacement

of the tuning ring. The measurements were carried out
with two resonators having the same dimensions but made
with polyethylene material having different molecular weights.
Fig. 7 shows the position of the resonances for five modes
WGH measured in terms of . The related frequency
variations are reported in units of free spectral range. The
continuous curve represents the fit of the experimental values
with (19b). The agreement is very good and confirms the
effectiveness of involved approximations.

The measured (finesse) range is between 1500 and 3000
15 30 for the resonator #1 and between 300 and 1900
3 19 for the resonator #2. The experimental results

suggest that the polyethylene material forming the resonator
#1 has fewer losses than that of the resonator #2; furthermore,
the modes with the index show values greater
than the ones for the corresponding modes with that
have a larger irradiated power. The tuning device, in addition,
does not affect significantly the -factor of the resonator, as
argued from the not regular trend of-factors observed for the
different WGH modes. Finally, WGH modes show values of

higher than the corresponding WGE. This is due probably
to the fact that in the case of WGE modes a good coupling
is obtained with positions of the dielectric guide closer to the
resonator than in the case of WGH modes.

The determination of the spatial distribution of field in-
tensity was made by moving the pickup antenna for each
resonance on the plane surface of the resonator along the radius
and on the lateral surface along the axial direction. Fig. 8(a)
shows the results of experiments (dots) for mode 4 of Fig. 5.
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(a)

(b)

Fig. 6. Contour plots of the transmission resonance signal of mode 1 of
Fig. 5, obtained with the experimental scheme shown in Fig. 4b;s represents
the distance between the waveguide and the resonator. (a) Mode 1a (WGE) of
Fig. 5; (b) mode 1b (WGH) of Fig. 5. The arrows indicate the contour lines
of the maximum of the signal.

Fig. 7. Measurements of the displacement�z for contiguousWGHn;0;0

resonances. The origin of the coordinate�z is arbitrarily fixed at a resonance.
The solid line represents the fit of the experimental data with (19b).

Such results can be compared with the values of the energy
flux in the direction of interest for the WGM’s with weak
axial propagation. By sensing the energy along the radius of
the resonator surface with the antenna perpendicular to the
radius, the flux of energy to be considered corresponds to the
azimuthal component of the Poynting vector calculated
starting from (16) and (17) for the different field components.

(a)

(b)

Fig. 8. Measurements (dots) of the radial distribution of the field intensity
for two different WGH resonant modes with different modal indexm; (a)
mode 4 of Fig. 5,m = 0; (b) mode 2 of Fig. 5,m = 1: The vertical lines
indicate the position of the rim of the resonator; the values calculated fitting
the experimental data with (20) are also reported (solid line).

The expression of such component for both of the modes
WGE and WGH with azimuthal mode index is

(20)

The determination of the index can be performed with
different methods. A simple method that allows to attribute
the value consists of comparing the experimental curve with
calculated curves corresponding to the expression (20) with
different values of . The solid curve reported in Fig. 8(a)
corresponds to the value ; the observed trend indicates
that this mode has the modal index Fig. 8(b) (dots)
reports the results for mode 2 of Fig. 5; the trend gives
evidence that this mode has the index . The theoretical
values (solid line) reported in this case are calculated by
putting in (20) the index .

The field distribution in axial direction is obtained by
sensing the intensity at the rim of the resonator by the same
antenna. Fig. 9 reports (dots) the trend of the field intensity
for mode 3 (Fig. 5) measured as a function of the coordinate

where the zero was fixed at the plane of symmetry perpen-
dicular to the axis of the resonator. The vertical dotted lines
indicate the positions of the plane surfaces of the resonator.
A qualitative interpretation of the observed trend both inside
and outside the resonator is obtained by resorting to the
fundamental symmetric solution already mentioned in Section
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Fig. 9. Measurements (dots) of the axial distribution of the field intensity
of the resonance of Fig. (5);� = 0 corresponds to the equatorial plane of
the resonator. The vertical lines indicate the position of the plane surfaces.
The solid line fits the experimental data with a function proportional to
(cosfhzg)2:

II:

(21)

where is the thickness of the resonator [21]. The propagation
constants and can be connected each other by the relation
[27]

(22)

Equation (22) combined with the conditions of continuity and
continuous first derivative at [14] becomes

(23)

For the resonators employed, (23) gives the value
mm . The continuous line in Fig. 9 is the fit of exper-

imental data with the function ; the fairly good
agreement enforces the effectiveness of the theoretical picture
and evidences the directivity of the antenna.

The measurement of the pattern of field intensity can be
carried out only at the surfaces of the resonator; the bulk
field arrangement can be reasonably inferred by assuming
that the radial distribution is constant along the dimension
. Analogously, the field distribution along the axis must

be independent of the position along the radius considered.
Fig. 10 shows the resonator with the field distribution obtained
for mode 4 of Fig. 5 described by a contour plot representation.
It must be pointed out that the reported pattern qualitatively
resembles the ones reported in [11], calculated numerically for
configurations like that here considered.

VI. CONCLUSIONS

The work here presented deals with the different problems
relevant to the dielectric resonators working with the whis-
pering gallery modes. Starting from the fundamentals of the
propagation of electromagnetic waves in cylindrical structures,

Fig. 10. Contour line representation of the field intensity of the resonant
mode 4 of Fig. (5) in an axial section of the resonator. The difference
between two contiguous curves is constant; the darkest zone corresponds to
the maximum intensity. The solid line represents the section of the resonator
near the rim.

the whispering gallery modes are characterized; particular
attention is focused on the low-loss modes with weak axial
propagation constant and a deeper insight is given to the role
of the total reflection at the cylindrical surface in the different
regimes. The propagation of modes is interpreted in terms of
expansion with plane waves propagating at different angles
with respect to the axis of the cylinder; the low-loss modes
correspond to the plane waves incident on the cylindrical
surface at angles greater than the limit angle. For a cylindrical
resonator with finite axial dimension, the low-loss resonances
occur when the total reflection condition is fulfilled at both the
curved lateral surface and the plane circular surfaces. The ap-
proximate analytical expressions of fields are obtained for both
nearly transverse electrical (WGE) and transverse magnetic
(WGH) modes by a proper expansion in terms of the longitu-
dinal components calculated from a characteristic equation.

The problem of the coupling of the radiation from a trans-
mission line to the resonator operating with WGM’s is care-
fully examined. This problem is faced by investigating the
conditions that give the same phase velocity in the two struc-
tures—the phase velocity in a circular cylindrical dielectric
guide changes continuously with the diameter of the cylinder.
The coupling of radiation to the resonator is then obtained
by using a tapered waveguide. The evanescent field near the
waveguide can be described by resorting again to the model
of expansion of modes in plane waves; in this case, the
evanescent field also arises from the total reflection mechanism
occurring when the waves are propagating with incidence
angles greater than the limit angle. In all of the cases, the
impact of different approximations is deeply discussed and
properly taken into account.

The system transmission line WG resonator was tested at
240 GHz. A proper experimental scheme was used to tune
the resonator across the different resonances. The fields at the
surface of the resonator were picked up by a dielectric antenna
movable in a controlled way. A detailed characterization of
the coupling method was possible and several resonances
were classified and analyzed. The experimental analysis of
the field distribution was performed on different resonance
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modes and the comparison with theoretical predictions was
very satisfactory.

In conclusion, a method is suggested to calculate in an
analytical way the approximate expressions for the fields in
whispering gallery modes of a disc-shaped dielectric resonator.
The experimental methodologies used to characterize these
devices at hundreds of gigahertz are based on the theoretical
analysis of the different effects involved, and the results show
a remarkable agreement with the predictions.
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